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Abstract 
Using the graph representation of stochastic degradation/evaporation processes, general 
solutions of kinetic rate equations are found and analyzed, describing degradation of complex 
systems with multiple bonds, such as particle aggregates, fractals, self-arranged systems, dou-
ble-stranded polymers and polymer networks, biological molecules, etc. The analysis is con-
ducted on the example of thermal fragmentation of aerosol nanoparticles, caused by stochastic 
evaporation of bonding volatile molecules. A simple analytical approach for the determination 
of numbers of particles at different degradation stages, undertaking different evolutionary 
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paths is developed and applied for the analysis of several specific types of aerosol particle ag-
gregates. Significant probabilistic delays are shown to occur during degrada-
tion/fragmentation of intermediate modes, resulting in accumulation of particles in these 
modes. Conditions for such accumulation are determined and discussed. The obtained results 
are immediately applicable for the analysis of any other polymer-like systems with multiple 
bonds experiencing stochastic degradation.  
Key Words: Thermal degradation; Particle fragmentation; Degradation kinetics; Ran-
dom graph representation.  
 
 
1. Introduction 
 
Multiple stochastic degradation/evaporation processes play an essential role in a range 
of physical and chemical phenomena. These include degradation of double-stranded polymers 
[1-3], fractals and polymer multi-chains [4,5], double-stranded DNA [6], dye fading [3], in-
teraction of UV and ionizing radiation with large molecules [7], reversible self-arrangement 
and degradation/fragmentation of polymer networks [8,9] and particle aggregates [5,10,11], 
thermal fragmentation of nanoparticles due to evaporation of bonding molecules [12,13], and 
even economic and social degradation caused, for example, due to stochastic financial proc-
esses [14-16].  
Methods of analysis of different types of degradation/fragmentation of polymer-like 
systems (such as polymers, macromolecules, and particle aggregates) are based upon consid-
eration of stochastic breakage (evaporation) of bonds between the primary elements (such as 
monomers, primary particles, etc.) in an aggregated system [17-22]. The number of bonds be-
tween neighbouring primary elements may significantly affect the process of degrada-
tion/fragmentation. However, the current literature contains very limited consideration of deg-
radation kinetics of polymer-like structures with multiple bonds.  
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Therefore, in this paper, we demonstrate that the kinetic analysis of complex polymer-
like systems with stochastic degradation/evaporation processes of multiple bonds can be sig-
nificantly simplified through individual consideration of different possible evolutionary paths. 
Based on the graph representation of the degradation processes in systems with an arbitrary 
number of bonds and primary elements (particles or monomers), a general analytical solution 
to kinetic equations describing stochastic degradation will be found and analyzed. Significant 
probabilistic delays with degradation of the intermediate substances/modes, and the resulting 
accumulation of the degradation products in these modes will be demonstrated. Physical rea-
sons for these delays and conditions for increasing strength of the intermediate modes will be 
discussed.  
The analysis will be conducted on the example of the thermal fragmentation of compos-
ite aerosol nanoparticles [12,13], though the obtained results will be directly applicable to any 
other type of multiple stochastic degradation processes in polymer-like structures and clusters 
with multiple bonds. Several specific examples of degradation and thermal fragmentation of 
composite nanoparticles will be analyzed and discussed.  
 
2. Kinetic Rate Equations and Solutions 
In an attempt to consistently explain experimental observations of evolution of particle 
size distributions in combustion aerosols [12,23-25], it has been suggested that aerosol 
nanoparticles may form aggregates in which primary particles are bonded together by means 
of volatile molecules [12]. These molecules represent multiple bonds between the particles. 
Stochastic evaporation of the bonding molecules results in weakening interaction between the 
primary particles, and they may break away from the composite particles [12], similar to 
evaporation of molecules from a droplet of fluid. This happens when the binding energy be-
tween the primary particles becomes sufficiently close to the thermal energy kT.  
Alternatively, volatile molecules (or their fragments) could also be bonded to particles 
by means of strong covalent bonds, forming the so-called “frilled” particles [12]. Such parti-
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cles may be expected to interact (be bonded into a cluster) by means of weak van der Waals 
forces between several frill molecules that again represent multiple bonds between the pri-
mary particles. Thermal stochastic breakage (“evaporation”) of the weak van der Waals bonds 
between the frill molecules belonging to different particles may also result in weakening of 
the overall interaction between the particles and eventually lead to their fragmentation. Simi-
lar situation occurs with stochastic decay of multiple covalent and non-covalent (e.g., hydro-
gen) bonds in polymer-like structures [1-4,6-9].  
Theoretical analysis of the stochastic degradation/evaporation processes in such poly-
mer-like systems with multiple bonds may become highly complex when the number of 
bonds (e.g., bonding molecules) between the particles is relatively large. This is because of 
rapidly increasing number of possible evolutionary paths for such systems when the number 
of bonds increases. For example, consider a composite particle consisting of three primary 
particles – Fig. 1a. We will call it 3-particle. Suppose that there are four bonding molecules 
between particles 1 and 2 and between particles 2 and 3 (Fig. 1a), i.e., we have quadruple 
bonds between the particles. This is very similar to the polymers with quadruple hydrogen 
bonds considered in [8,9]. This state of the 3-particle will be called 4-4 state. In general, if 
there are i bonds (bonding molecules) between particles 1 and 2 and k bonds between particles 
2 and 3, then this state will be called i-k state. We do not distinguish between the i-k and k-i 
states, because they are physically identical.  
If there are N0 initial 3-particles in the 4-4 state, then their evolution by means of sto-
chastic evaporation of bonding molecules can be represented by the random graph shown in 
Fig. 1b. Each evolutionary step in this graph (each graph edge) corresponds to evaporation of 
one of the bonding molecules. For example, after losing one bonding molecule, all the initial 
3-particles from the 4-4 state pass through the 3-4 state (Fig. 1b). A 3-particle in the 3-4 state 
has two options for further evolution: to go into the 2-4 state (by losing one of the three bond-
ing molecules), or the 3-3 state (by losing one of the four bonds), etc. Thus we obtain a ran-
dom graph representing evaporation of bonding molecules (Fig. 1b).  
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Figure 1. (a) The 4-4 state of a 3-particle consisting of three primary particles with four volatile 
molecules between particles 1 and 2 and between particles 2 and 3. (b) The random graph representa-
tion of the processes of stochastic evaporation of bonding molecules. The 4-4 state is the initial state of 
the 3-particles, and 0-0 is the final state (in which all three primary particles are free as a result of frag-
mentation). The arrows (edges of the graph) indicate the direction of possible ways of particle evolu-
tion. N0 is the initial number of the 3-particles in the 4-4 state.  
 
In this paper, we neglect the possibility of condensation of bonding molecules (restora-
tion of bonds). Therefore, the evolutionary processes are assumed to occur only in the direc-
tions to the right or upwards in the graph, as indicated by the arrows in Fig. 1b. This approxi-
mation should be well satisfied for aerosol nanoparticles bonded by evaporating volatile 
(semi-volatile) molecules with low concentration of such molecules in the air.  
The random graph presented in Fig. 1b can easily be extended to the case with an arbi-
trary n-n or n-m initial state of the 3-particle. In this case, the graph still remains 2-
dimensional (as in Fig. 1b). However, increasing number of primary particles in the initial 
particle results in increasing dimensionality of the graph. For example, for a composite parti-
cle consisting of four primary particles (4-particle) the graph representing stochastic degrada-
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tion/evaporation processes of multiple bonds will be 3-dimensional. Adding one primary par-
ticle to the initial composite particle increases the dimensionality of the random graph by one. 
Obviously, the analysis of the kinetic processes represented by such graphs is highly complex 
and requires simultaneous solution of a large number of coupled kinetic rate equations. Fortu-
nately, there is an approach to this type of kinetic problem that allows its substantial simplifi-
cation, including a general analytical solution to the kinetic rate equations for a polymer-like 
system with arbitrary number of bonding molecules (bonds) and/or bonded particles in a 
chain-like cluster.  
This approach is demonstrated on the example of degradation of 3-particles from the 
initial 4-4 state to the final 0-0 state (Fig. 1b). The main idea simplifying the analysis is that 
instead of considering the overall kinetic process described by a random graph (e.g., the graph 
in Fig. 1b), it is possible to analyze kinetic equations for each of the different evolutionary 
paths in the graph separately, and then add the results in order to obtain the overall time-
dependent particle numbers in each of the states.  
For example, there are 14 different evolutionary paths in the random graph in Fig. 1b:  
(Path 04): 4-4 Æ 3-4 Æ 2-4 Æ 1-4 Æ 0-4 Æ 0-3 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 03a): 4-4 Æ 3-4 Æ 2-4 Æ 1-4 Æ 1-3 Æ 0-3 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 03b): 4-4 Æ 3-4 Æ 2-4 Æ 2-3 Æ 1-3 Æ 0-3 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 03c): 4-4 Æ 3-4 Æ 3-3 Æ 2-3 Æ 1-3 Æ 0-3 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 02a): 4-4 Æ 3-4 Æ 2-4 Æ 1-4 Æ 1-3 Æ 1-2 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 02b): 4-4 Æ 3-4 Æ 2-4 Æ 2-3 Æ 1-3 Æ 1-2 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 02c): 4-4 Æ 3-4 Æ 2-4 Æ 2-3 Æ 2-2 Æ 1-2 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 02d): 4-4 Æ 3-4 Æ 3-3 Æ 2-3 Æ 1-3 Æ 1-2 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 02e): 4-4 Æ 3-4 Æ 3-3 Æ 2-3 Æ 2-2 Æ 1-2 Æ 0-2 Æ 0-1 Æ 0-0; 
(Path 01a): 4-4 Æ 3-4 Æ 2-4 Æ 1-4 Æ 1-3 Æ 1-2 Æ 1-1 Æ 0-1 Æ 0-0; 
(Path 01b): 4-4 Æ 3-4 Æ 2-4 Æ 2-3 Æ 1-3 Æ 1-2 Æ 1-1 Æ 0-1 Æ 0-0; 
(Path 01c): 4-4 Æ 3-4 Æ 2-4 Æ 2-3 Æ 2-2 Æ 1-2 Æ 1-1 Æ 0-1 Æ 0-0; 
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(Path 01d): 4-4 Æ 3-4 Æ 3-3 Æ 2-3 Æ 1-3 Æ 1-2 Æ 1-1 Æ 0-1 Æ 0-0; 
(Path 01e): 4-4 Æ 3-4 Æ 3-3 Æ 2-3 Æ 2-2 Æ 1-2 Æ 1-1 Æ 0-1 Æ 0-0.   (1) 
The kinetic equations can be written separately for each of these paths, and the corre-
sponding rate coefficients are determined using the typical time that it takes for a particle to 
leave the considered state along either of the possible ways (arrows) in the graph (for more 
detail see Section 3). The initial number of 3-particles in the 4-4 state for each of the paths 
must be equal to the total number of such particles undertaking the selected path.  
If degradation of 3-particles occurs from an arbitrary initial n-m state with the total 
number of bonding molecules nb = n + m, then every evolutionary path consists of nb steps (nb 
acts of evaporation). Every particle will evolve through nb + 1 different 3-particle states. If the 
initial composite particles contain M primary particles each, then all different evolutionary 
paths should be found in the (M – 1)-dimensional random graph, but the number of the evolu-
tionary steps (evaporation acts) should always be equal to the total initial number of bonding 
molecules nb. Therefore, in the general case the kinetic rate equations for any of the evolu-
tionary paths for a composite particle can be written as  
dA1/dt = – k1A1;  
dA2/dt = k1A1 – k2A2;  
... 
bbbbb nnnnn AkAktA −= −− 11d/d ;  
bbb nnn AktA =+ d/d 1 ,          (2) 
where Aj (j = 1, 2, …, nb + 1) is the time-dependent particle number in the state after the (j – 
1)-th evolutionary step (evaporation process), and kj is the rate coefficient for this step (de-
termined below in Section 3). For example, for Path 04 in the graph in Fig. 1b, A1 = N(04)44, A2 
= N(04)34, A3 = N(04)24, …, A9 = N(04)00, where N(04)ik is the time-dependent number of 3-
particles in the i-k state, undertaking Path 04. In this case, k2 is the rate coefficient for the 
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transition 3-4 Æ 2-4 in Fig. 1b, etc. For other evolutionary paths, Aj and kj take different val-
ues corresponding to those paths.  
Using the mathematical induction, it can be shown that the general solution to the set of 
nb + 1 equations describing evolution/degradation of a particle with nb volatile molecules can 
be written as:  
A1(t) = A0exp(–k1t);         (3a) 
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where A0 is the number of 3-particles taking the considered evolutionary path.  
Thus the obtained analytical solution (3a-c) can be used for the analysis of a degrading 
system with any number of multiple bonds and/or any number of primary particles in a chain-
like composite particle, provided that the number of particles undertaking every possible evo-
lutionary path and the corresponding rate coefficients are known. This makes solution (3a-c) 
universal for degradation of polymer-like systems with multiple bonds.  
For example, in order to obtain the solution for the degradation problem represented by 
the random graph in Fig. 1b, we have to write the solutions using Eqs. (3a-c) for every of the 
14 possible different evolutionary paths (1). This will give us time-dependent numbers of par-
ticles in every i-k state, corresponding to the considered evolutionary path. If there are more 
than one different paths going through the same i-k state, then the particle numbers corre-
sponding to different paths, but to the same i-k state, should be added together to give the total 
time-dependent number of particles in the i-k state, which will be the final solution of the 
problem.  
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3. Rate Coefficients and Particle Numbers 
In order to be able to use the obtained general solutions to the kinetic rate equations, we 
still need to determine the reaction rate coefficients kj for different evolutionary steps (evapo-
ration processes) in the graph, and find the numbers of particles undertaking every particular 
evolutionary path (Eq. (1)).  
Each reaction rate coefficient is equal to the inverse typical time that it takes for the cor-
responding evaporation process to occur. The typical evaporation time depends on the binding 
energy per one evaporating molecule. Each bonding molecule interacts with two bonded par-
ticles and other neighboring bonding molecules by means of van der Waals forces. Therefore, 
it is reasonable to expect that the energy that should be given to one bonding molecule in or-
der to remove it from between the particles (binding energy of evaporation (BEE)) increases 
with increasing number of bonding molecules, because of the additional interaction between 
these molecules. This is analogous to a possibility of interactions between the neighboring 
bonds, e.g., due to overlap of the electron wave functions in large (polymer) molecules. As a 
result, the time of evaporation of one bonding molecule (one bond) may increase by a factor 
of αk, where k is the number of bonding molecules between the particles (α1 = 1).  
For example, transformation of the 0-2 state into the 0-1 state occurs when one of the 
two molecules evaporates. Let the time for evaporation of a single bond between two particles 
be τ1 = α1τ (the seemingly redundant factor α1 = 1 is introduced here in order to maintain the 
symmetry of the equations below). Then the time for evaporation of either of the two bonds 
(one of the two bonding molecules) is τ2 = α2τ/2. In the general case of the 0-j state (j ≠ 0), 
we have:  
τ0j = αjτ/j.           (4) 
Note that this equation is valid only if the probability of evaporation is the same for all of the 
bonding molecules (multiple bonds). This approximation is expected to be well satisfied when 
the number of bonding molecules (multiple bonds) is not too large. For example, if the num-
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ber of bonding molecules is larger than four, then it is reasonable to expect that molecules that 
appear to be inside the bonding cluster of molecules will have smaller probability to evaporate 
than the molecules at the periphery of this bonding cluster. In this case, Eq. (4) should be 
modified (such a situation is not analyzed in this paper).  
Eq. (4) determines the relaxation time for evaporation of one bonding molecule in the 0-
j states (j ≠ 0) in the graph (see, for example, Fig. 1b). In the states j-j (j ≠ 0), the relaxation 
time for the process j-j Æ (j – 1)-j is equal to the time of evaporation of one of the 2j bonding 
molecules. Therefore,  
τjj = αjτ/(2j).           (5) 
For the i-k states (i ≠ k and i,k ≠ 0), it is possible to think that the relaxation time, for ex-
ample, for the process i-k Æ i-(k – 1) should be equal to the time of evaporation of one of the 
k bonding molecules between particles 2 and 3 (Fig. 1). However, this is not correct. The re-
laxation time for either of the processes i-k Æ i-(k – 1) and i-k Æ (i – 1)-k must be equal to 
the time that it takes for the 3-particle to leave the i-k state. This is because either of these 
processes will last until and only until there are still particles in the i-k state. Therefore, the 
relaxation times for both the processes i-k Æ i-(k – 1) and i-k Æ (i – 1)-k must be the same 
and equal to the time of evaporation of one of the i + k bonding molecules.  
These speculations can be verified by the direct solution of the model kinetic problem 
of transformation of particles A into particles B1 and B2 with the different rate coefficients K1 
and K2, respectively. The rate equations for the numbers of particles A, B1 and B2 can be writ-
ten as:  
 dA/dt = – (K1 + K2)A;  
dB1/dt = K1A;   dB2/dt = K2A.        (6) 
The solutions to Eqs. (6) are  
 A = Cexp{– t(K1 + K2)};   [ ])}(exp{1 21
21
1
1 KKtKK
CKB +−−+= ;  
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 [ ])}(exp{1 21
21
2
2 KKtKK
CKB +−−+= ,          (7) 
where C is the initial number of particles A before the transformation process.  
First, as can be seen from Eqs. (7), despite the fact that K1 ≠ K2, the times for the two 
processes of exponential increase of concentrations of particles B1 and B2 are the same and 
equal to the time that it takes for the particles to leave the state A: τeff = (K1 + K2)-1 = τ1τ2/(τ1 + 
τ2), where τ1 = K1-1, and τ2 = K2-1. Second, the numbers of particles that are transformed from 
A into B1 and B2 are equal to K1C/(K1 + K2) and K2C/(K1 + K2), respectively. Therefore, the 
same equation for B1 as in Eqs. (7) can be obtained by considering a different problem of 
transformation of particles A only into particles B1, but with the initial particle number 
K1C/(K1 + K2) and with the effective rate coefficient K1 + K2. The same is also correct for par-
ticles B2, but the initial particle number should be equal to K2C/(K1 + K2).  
This is the major reason why instead of considering the full kinetic problem repre-
sented by a random graph (see, for example, Fig. 1b), we can solve the much simpler prob-
lems of particle evolution along different paths in the graph (Eqs. (2) and (3)) and then add 
these solutions to obtain the overall particle numbers (Section 2). In addition, we have proved 
that the relaxation times for either of the processes i-k Æ i-(k – 1) and i-k Æ (i – 1)-k must be 
the same and equal to the time of evaporation of one of the i + k bonding molecules:  
τik = 
ki
ki
α+α
τ .          (8) 
Note that Eqs. (4) and (5) are directly deduced from Eq. (8), if we formally assign a 
coefficient α0 to the state with bonding molecules between the particles, i.e., when these par-
ticles are not bonded (the actual value of α0 can be arbitrary, though non-zero).  
Thus Eq. (8) gives the relaxation times for all the evaporation processes in a random 2-
dimensional graph representing stochastic degradation of a 3-particle with multiple bonds. As 
mentioned above, this also gives the rate coefficients in Eqs. (2) and their solutions (3a-c). For 
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example, for Path 02b, we have k1 = τ44-1, k2 = τ34-1, k3 = τ24-1, k4 = τ23-1, k5 = τ13-1, k6 = τ12-1, 
k7 = τ02-1, k8 = τ01-1 (similar for the other paths in Eq. (1)).  
Eqs. (7) also suggest that the ratio of the probabilities for a particle to undergo the 
processes i-k Æ i-(k – 1) and i-k Æ (i – 1)-k is  
k
i
kiik
kiik
i
k
P
P
α
α=
−→
−→
)1(
)1( .          (9) 
Therefore, if there are C particles in the i-k state, then the numbers of particles undergoing the 
transitions i-k Æ i-(k – 1) and i-k Æ (i – 1)-k satisfy the same equations:  
 
k
i
kiik
kiik
i
k
N
N
α
α=
−→
−→
)1(
)1( ;          (10) 
 kiikkiik NNC )1()1( −→−→ += .          (11) 
The solution to this set of linear algebraic equations can be written as:  
 
ki
i
kiik ki
i
CN
α+α
α=−→ )1( ;  
ki
k
kiik ki
k
CN
α+α
α=−→ )1( .     (12) 
The same Eqs. (12) can also be immediately obtained from Eqs. (7) by assuming that 
transitions from A to B1 and B2 are the transitions i-k Æ (i – 1)-k and i-k Æ i-(k – 1), respec-
tively, with the rate coefficients K1 = i/(αiτ) and K2 = k/(αkτ).  
Note that Eqs. (8) and (12) are correct even if i = k, or one of them is zero. If i = k = j, 
then the transitions j-j Æ (j – 1)-j and j-j Æ j-(j – 1) are indistinguishable and the correspond-
ing particle numbers should be added together, giving the total number of particles C. If, for 
example, i = 0 ≠ k, then kiikN )1( −→  = 0 and )1( −→ kiikN  = C – see Eqs. (12) (as expected for 
the 0-j states).  
From Eqs. (12) one can deduce the following rule for the determination of the number 
of particles undertaking a particular evolutionary path in a graph representing the stochastic 
evaporation/degradation processes in polymer-like systems with multiple bonds:  
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Along any evolutionary path in a 2-dimensional random graph (representing the evolu-
tion of 3-particles), the number of 3-particles undertaking one of the two transitions from a 
graph vertex i-k (i ≠ k and i,k ≠ 0) is given by the number of particles coming to this vertex 
multiplied either by (i/αi)(i/αi + k/αk)–1 for the transition i-k Æ (i – 1)-k, or by (k/αk)(i/αi + 
k/αk)–1 for the transition i-k Æ i-(k – 1). Therefore, on every occasion that a particular evolu-
tionary path goes through an i-k state (graph vertex), the number of particles undertaking this 
path is reduced by one of the above factors (both of which are less than 1). This occurs due to 
branching of the paths at every of the i-k states (with i ≠ k and i,k ≠ 0). If an evolutionary path 
passes through 0-j or j-j states, the number of particles taking the path does not change, be-
cause there is no branching at these states.  
Using this rule, it is easy to write the equations for the numbers of 3-particles undertak-
ing every particular evolutionary path in a random graph representing stochastic evapora-
tion/degradation of 3-particles from an arbitrary initial n-m state to the final 0-0 state. This 
can be done by following the selected path from the state for which the number of particles 
entering this path is known and reducing it by the derived factors (see the above rule) every 
time when the path goes through an i-k state (vertex) with branching.  
For example, applying this rule to the graph in Fig. 1b with 14 different evolutionary 
paths (Eqs. (1)), we obtain the following 14 equations for the total numbers of particles under-
taking each of these paths: 
N(04) = N04;           (13) 
3
1
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where Nik is the total number of 3-particles passing through the i-k state (vertex of the graph – 
Fig. 1b). The number Nik consists of the contributions from all different evolutionary paths 
going through the i-k state (vertex). Eqs. (13) – (26) give the constant A0 in Eqs. (3a-c) for the 
14 different evolutionary paths in the random graph representing degradation of the 3-
particles from the initial 4-4 state to the final 0-0 state (Fig. 1b).  
 For example, in order to obtain Eq. (13), we note that after the 0-4 state all the transi-
tions are of the 0-j Æ 0-(j – 1) type with no branching. Therefore, all the particles that pass 
through the 0-4 state are the particles undertaking Path 04. In another example, Path 02b goes 
through the three graph vertices 2-3, 1-3, and 1-2 with branching. Therefore, the three corre-
sponding branching factors (resulting from the application of the above rule three times) ap-
pear in Eq. (18).  
The last step that should still be done is to determine the numbers Nik for all the vertices 
in the random graph (Fig. 1b). There are 11 unknown numbers Nik, because N44 = N34 = N01 = 
N00 = N0, where N0 is the total number of the 3-particles taking part in the degradation. Due to 
particle conservation, the sum of all numbers Nik for the vertices between any two neighbour-
ing dotted lines in Fig. 1b is equal to N0. This gives five equations relating 11 unknowns:  
N33 + N24 = N23 + N14 = N22 + N13 + N04 = N12 + N03 = N11 + N02 = N0.   (27) 
The remaining 6 equations are obtained from the consideration of Eq. (10) giving the ra-
tio of the numbers of particles leaving the i-k vertex by means of one of the two transitions 
(graph edges). For example, writing Eq. (10) for the 1-2 vertex:  
2
1
0212
1112 2
α
α=
→
→
N
N  
and noting that 1112→N  = N11 and 0212→N  = N02 – N03 (see Fig. 1b), we obtain the first of the 
following six equations:  
N11 = 2(N02 – N03)/α2,     (N12 – N22) = 3(N03 – N04)/α3,  
(N13 – N23 + N22) = 4N04/α4,     N22 = 3α2(N13 – N14 + N04)/(2α3);  
N23 – N33 = 2α2N14/α4;     N33 = 4α3N24/(3α4).       (28) 
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The other five equations are obtained from the similar consideration of transitions from the 1-
3, 1-4, 2-3, 2-4, and 3-4 states, respectively. Eqs. (27) and (28) form a set of 11 algebraic 
equations for 11 unknown particle numbers. Solving this set gives us the numbers Nik for all 
the vertices in the graph (Fig. 1b). Substituting these numbers into Eqs. (13) – (26) gives the 
constants A0 in solutions (3a-c) for all possible evolutionary paths (1), which completely 
solves the complex kinetic problem represented by the graph in Fig. 1b.  
Note again that the rate equations (2) and their solutions (3a-c) are written in the most 
general form that is directly applicable for the analysis of degradation of chain-like particles 
or polymer-like systems (Fig. 1a) with arbitrary number of primary particles/monomers and 
arbitrary numbers of bonding molecules (bonds) between different pars of particles. Eqs. (4) – 
(12) were presented for the 2-dimensional arbitrary random graph, i.e. for the degradation of 
3-particles with arbitrary numbers of bonding molecules in the initial state n-m. Eqs. (1) and 
(13) – (28) were presented for the specific example of degradation of 3-particles from the ini-
tial 4-4 state (Fig. 1b). If another initial state of the 3-particles is considered, these equations 
should be adjusted accordingly (which does not present principle problems – see, for example, 
the next section).  
Generalization of Eqs. (4) – (12) to the case of M primary particles in the chain (i.e., to 
the (M – 1)-dimensional random graph) is also straightforward, resulting in the following 
equations that should replace Eqs. (6) – (12): 
 ∑−= −
=
1
1
d/d
M
i
iKAtA ;  
dB1/dt = K1A;   …  dBM-1/dt = KM-1A.      (6*) 
 }exp{
1
1
∑−= −
=
M
i
iKtCA ;   
⎥⎦
⎤⎢⎣
⎡ ∑−−
∑
= −
=−
=
}exp{1
1
11
1
1
1
M
i
iM
i
i
Kt
K
CKB ;   …   ⎥⎦
⎤⎢⎣
⎡ ∑−−
∑
= −
=−
=
−− }exp{1
1
11
1
1
1
M
i
iM
i
i
M
M Kt
K
CKB .     (7*) 
 17
∑ α
τ=τ −
=
− 1
1
... 121 M
i p
i
ppp
i
M p
.         (8*) 
∑ α
α= −
=
−→ −+−− 1
1
...)1(...... 111111 M
i p
i
p
q
ppppppp
i
q
MqqqM p
p
C
N .                (12*) 
Here, pi is the number of bonding molecules between the i-th and (i + 1)-th particles in the 
chain, and 
ipα  is the corresponding factor increasing the evaporation time per one bonding 
molecule.  
Unfortunately, Eqs. (1) and (13) – (28) are specific to the considered graph in Fig. 1b. 
Every different graph (including those with different numbers of primary particles and bond-
ing molecules) will require specific determination of possible evolutionary paths and the cor-
responding numbers of particles. This can be done by means of the developed approach. 
However, writing general equations for an arbitrary graph seems difficult at this stage. It is 
also important to note that the determination of physically different transitions in the case of a 
graph with more than two dimensions may require symmetry considerations and methods of 
the group theory. However, this problem is beyond the scope of this paper.  
 
 4. Analysis of the Solutions 
The analysis of the obtained solutions describing evolution of the 3-particles is con-
ducted on the example of fragmentation of aerosol nanoparticles discussed in [12,13]. The 
experimental monitoring of atmospheric combustion aerosols has suggested the typical time 
of fragmentation of the aerosol nanoparticles is τ ~ 10 s [13]. This gives the fragmentation 
rate coefficient of ~ 0.1 s-1. From here, using the Maxwell-Boltzmann distribution, we can 
estimate the typical binding energy E0 for a single volatile molecule between the particles. We 
determine the probability P0(E0) for a molecule to gain energy larger than E0 (this is the prob-
ability of fragmentation at a given moment of time). Then the ratio of τ to the average time 
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between collisions in the air L/c (L is the mean free path for the molecules in the air, and c is 
their mean speed) must be of the order of 1/P0(E0), or τ ~ L/[cP0(E0)]. Assuming that T = 300 
K, L ~ 300 nm, c ≈ 467 m/s, and τ ~ 10 s [13], we get: E0 ≈ 1.045×10-19 J, which is reasonable 
for van der Waals interaction between molecules/particles. Note that E0 only very weakly de-
pends on the assumed mean free path L. For example, taking L ~ 200 nm results in only ~ 1% 
increase in E0 at the given value of τ.  
If N0 = 100 and α1 = α2 = α3 = α4 = 1, i.e., there is no increase of BEE and evaporation 
time if there are two or more binding molecules between two primary particles, then Eqs. (27) 
and (28) give the following total numbers of 3-particles passing through each of the graph 
vertices: N11 = 57.1, N02 = 42.9, N12 = 85.7, N03 = 14.3, N13 = 45.7, N22 = 51.4, N23 = 85.7, N04 
= 2.9, N14 = 14.3, N33 = 57.1, N24 = 42.9. In particular, only very few particles go through the 
0-4 state (i.e., through Path 04). However, even small increase in BEE with increasing number 
of these molecules (bonds) may drastically change the distribution of particles in the graph. 
For example, if the additional van der Waals interaction between two or more bonding mole-
cules increases BEE by 4% for two molecules (α2 = 2.69), 7% for three molecules (α3 = 
5.67), and 9% for four molecules (α4 = 9.3), then N11 = 18.7, N02 = 81.3, N12 = 43.9, N03 = 
56.1, N13 = 48.5, N22 = 27.1, N23 = 65.1, N04 = 24.4, N14 = 34.9, N33 = 44.8, N24 = 55.2. In par-
ticular, this results in more than 8 times increase in the number of 3-particles taking Path 04.  
We substitute the obtained Nik into Eqs. (13) – (26) and determine the values of A0 for 
different evolutionary paths (1) (for example, for Path 02c, A0 = )02( cN , for path 03b, A0 = 
)03( bN , etc.). Then Eqs. (3a-c) with the corresponding values of the rate coefficients (Section 
3) and constant A0 determine the time-dependent numbers of 3-particles in all possible states 
(graph vertices) along each path. We select a path and add together the numbers of 3-particles 
corresponding to all the i-k states with i,k ≠ 0. For the selected path, this gives the overall 
number of particles each of which consists of three bonded primary particles. Then we add 
these numbers over all different paths to obtain the total time-dependent number N3(t) of 
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composite particles each of which consists of three bonded primary particles. Similarly, add-
ing together all the time-dependent 3-particle numbers in all the 0-j (j ≠ 0) states for all differ-
ent paths gives the total time-dependent number N2(t) of composite particles consisting of two 
bonded primary particles. Adding N2(t) to the triple total number of 3-particles in the 0-0 state 
gives the total time-dependent number N1(t) of primary particles.  
 
Figure 2. The time dependencies of the particle numbers during fragmentation/degradation of N0 = 100 
3-particles from the initial 4-4 state: the solid curves give the numbers N1(t) of free primary particles; 
the dashed curves give the numbers N2(t) of 2-particles each of which consists of two bonded primary 
particles; the dotted curves give the numbers N3(t) of the 3-particles each of which consists of three 
bonded primary particles. (a) There is no increase in BEE with increasing number of bonding mole-
cules: α1 = α2 = α3 = α4 = 1. (b) There is a 4% increase in BEE if there are two bonding molecules 
(bonds) between the primary particles, 7% increase for three bonding molecules, and 9% increase for 
four bonding molecules, i.e., α1 = 1, α2 = 2.69, α3 = 5.67, and α4 = 9.3. The other parameters: T = 300 
K, L ~ 300 nm, c ≈ 467 m/s, τ ~ 10 s and E0 ≈ 1.045×10-19 J (BEE for a single bond).  
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The dependencies of N3(t), N2(t), and N1(t) for the considered example of fragmentation 
(degradation) of aerosol nanoparticles are presented in Fig. 2; (a) α1 = α2 = α3 = α4 = 1, and 
(b) α1 = 1, α2 = 2.69 (4% increase in BEE for two bonding molecules), α3 = 5.67 (7% in-
crease in BEE for three bonding molecules), and α4 = 9.3 (9% increase in BEE for four bond-
ing molecules).  
As can be seen from this figure, the time dependencies for particle numbers are very 
similar for both the considered cases. The main difference is that in Fig. 2b, they are shifted 
towards noticeably larger evolution times. For example, the maximum of N2(t) (the intermedi-
ate fragmentation mode) in Fig. 2a is achieved at ≈ 18 s of evolution, whereas in Fig. 2b this 
maximum is reached at ≈ 60 s of evolution (see dashed curves in Figs. 2a,b). Thus, small in-
crease of BEE with increasing number of bonding molecules (bonds) results in a significant 
increase of typical evolution/degradation times. However, this does not seem to result in no-
ticeable variations of the typical particle numbers (concentrations). For example, the maxi-
mums of N2(t) in both the figures (dashed curves) are hardly different.  
This is somewhat unexpected, because it is possible to think that increasing BEE with 
increasing number of bonding molecules should lead to accumulation of particles in the in-
termediate mode, resulting in increasing maximum of N2(t) in Fig. 2b. This expectation is 
based on the probabilistic time delays with fragmentation/degradation of the intermediate 
mode.  
For example, consider a 3-particle in the 1-2 state – Fig. 3a. We assume that fragmenta-
tion may occur only if there is one bonding molecule left between the particles (if there are 
more than one molecules, the binding energy is too large for fragmentation to occur with rea-
sonable probability). Further evolution of the 3-particle may occur along the two paths: 1-2 Æ 
1-1 or 1-2 Æ 0-2 (Fig. 3b). During the process 1-2 Æ 1-1, the 3-particle does not fragment, 
but just loses one of the two bonds between particles 2 and 3. Further evaporation of either of 
the molecules will lead to fragmentation of the 3-particle: 1-1 Æ 0-1. The 0-1 state corre-
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sponds to one free primary particle and one 2-particle. The 2-particle fragments with no de-
lays in a sense that the corresponding rate coefficient is “switched on” immediately after the 
3-particle fragments. This is because the resultant 2-particle in the 0-1 state contains only one 
bonding molecule. Thus, no fragmentation delays for the intermediate mode occur along the 
path 1-2 Æ 1-1 Æ 0-1 Æ 0-0.  
 
Fig. 3. a) The 1-2 state of a 3-particle consisting of three primary particles that are bonded by one and 
two volatile molecules. b) Two possible ways of evolution of the 3-particle from the 1-2 state: 1-2 Æ 
1-1 and 1-2 Æ 0-2. The transition 1-2 Æ 0-2 corresponds to fragmentation of the 3-particle.  
 
If however the evolution takes the path: 1-2 Æ 0-2 Æ 0-1 Æ 0-0, then fragmentation of 
the 2-particles in the state 0-2 is delayed. This is because the 2-particle from the 0-2 state can-
not fragment until one of the two bonding molecules evaporates. The fragmentation rate coef-
ficient for the 2-particle “switches on” (i.e., becomes appreciable) only after evaporation of 
one of the two bonding molecules. The fragmentation delay will thus be equal to the time of 
evaporation of one of the two bonding molecules (bonds). Similarly, for 2-particles going 
through the 0-3 state, the fragmentation delays are equal to the time of evaporation of two of 
the bonding molecules, etc. Therefore, if BEE increases when there are two or more bonding 
molecules between the particles, this should result in a substantial increase of the evaporation 
time and fragmentation delays.  
Fragmentation delays for 2-particles originating from different 0-i states (Fig. 1b), and 
the corresponding numbers of 3-particles experiencing these delays are given in Table 1.  
Thus the average fragmentation delay for the intermediate mode of 2-particles 
∆τ = [∆τ01N11 + ∆τ02(N02 – N03) + ∆τ03(N03 – N04) + ∆τ04N04]/N0.   (29) 
 22
 
Vertex of the graph 0-1 0-2 0-3 0-4 
Fragmentation delays, 
∆τ01,02,03,04 
0 α2τ/2 α2τ/2 + α3τ/3 α2τ/2 + α3τ/3 + α4τ/4 
Number of 3-particles N11 N02 – N03 N03 – N04 N04 
 
Table 1. Fragmentation delays for different types of 2-particles and the numbers of such particles.  
 
For example, Eq. (29) gives that the average fragmentation delay for Fig. 2a (with no 
increase in BEE) is ∆τ ≈ 2.7 s, whereas for Fig. 2b (with increasing BEE) ∆τ ≈ 28 s. There-
fore, it is possible to expect much stronger accumulation of the 2-particles in the intermediate 
mode for the case described by Fig. 2b. However, the maximums on the dashed curves in 
Figs. 2a and 2b are hardly different.  
This is because increasing coefficients α2,3,4 results not only in increasing fragmentation 
delays, but also in increasing dispersion of the evolution time to the stage from where frag-
mentation can occur (i.e., to the 1-k states). For example, it can be seen that in a simple re-
laxation process described by the function A0[1 − exp(−t/τ)] the relaxation time τ is also the 
average time for a particle to undergo this process. In addition, it can be seen that the root-
mean-square fluctuation of the evolution time is also equal to τ. Therefore, increasing average 
evolution time (by increasing BEE) simultaneously results in increasing dispersion of the evo-
lution time about its average. Thus, increasing BEE with increasing number of bonding mole-
cules (i.e., increasing α2,3,4) results in increasing fragmentation delays, which must lead to a 
tendency of accumulation of the 2-particles in the intermediate mode. However, increased 
dispersion of the evolution time causes reduction of the intensity of the particle inflow into 
the intermediate mode, and this has an opposite effect of reduction of accumulation of the 2-
particles in the intermediate mode. Competition of these two opposing mechanisms results in 
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almost unchanged number of particles in the intermediate mode when fragmentation delays 
are increased (Fig. 2b).  
 
Figure 4. (a) The random graph representing the processes of stochastic fragmentation/degradation of 
N0 3-particles from the initial 1-4 state. (b) The time dependencies of the particle numbers during frag-
mentation/degradation of N0 = 100 particles from the initial 1-4 state. The thin solid curve gives the 
time-dependent number N1(t) of free primary particles; the dashed curve gives the number N2(t) of 2-
particles each of which consists of two bonded primary particles; the dotted curve gives the number 
N3(t) of 3-particles each of which consists of three bonded primary particles; the thick solid curve 
gives the total number of all the particles. α1 = α2 = α3 = α4 = 1 (other parameters are the same as for 
Fig. 2a). 
 
If this interpretation is correct, then we can expect significant accumulation of the 2-
particles in the intermediate mode if the fragmentation delays are increased without the 
equivalent increase of the evolution time and its dispersion. This can be achieved by consider-
ing a different initial state of the 3-particles. For example, if the initial state of the 3-particles 
is the 1-4 state rather than 4-4 state, then the evolution time to the fragmentation stage (and its 
dispersion) will be substantially reduced (in this case, fragmentation can occur directly from 
the initial state).  
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The random graph representing fragmentation/degradation of the 3-particles in the ini-
tial 1-4 state is shown in Fig. 4a. Similarly to how it was done for the graph in Fig. 1b, the 
equations determining the total numbers of 3-particles passing through each of the graph ver-
tices can be written as: 
N13 + N04 = N12 + N03 = N11 + N02 = N0;  
N11 = 2α1(N02 − N03)/α2;   N12 = 3α1(N03 − N04)/α3;   N13 = 4α1N04/α4.   (30) 
There are 4 different evolutionary paths in this graph (Fig. 4a):  
(Path 04): 1-4Æ0-4Æ0-3Æ0-2Æ0-1Æ0-0;  
(Path 03): 1-4Æ1-3Æ0-3Æ0-2Æ0-1Æ0-0;  
(Path 02): 1-4Æ1-3Æ1-2Æ0-2Æ0-1Æ0-0;  
(Path 04): 1-4Æ1-3Æ1-2Æ1-1Æ0-1Æ0-0.       (31) 
 To find the numbers of 3-particle taking each of these paths, we can use the above rule 
for the determination of these numbers (see Section 3). However, in this particular case, it is 
easier to directly write the equations for these numbers in terms of Nik:  
N(04) = N04;  N(03) = N03 − N04; N(02) = N02 − N03; N(03) = N03 − N04. (32) 
As previously, using N(0j) as the values for A0 in Eqs. (3a-c), we determine the time-
dependent numbers of 3-particles for every vertex of the graph (Fig. 4a), corresponding to 
each of the four evolutionary paths (31). For every 1-k (k ≠ 0) vertex of the graph (Fig. 4a) we 
sum these time-dependent particle numbers over different evolutionary paths passing through 
this vertex. Then the resultant 3-particle numbers are summed over k = 1,2,3,4 (i.e., over all 
the 1-k states with k ≠ 0) to obtain the overall time-dependent number N3(t) of the composite 
particles, each of which consists of three bonded primary particles. Similarly, for every 0-k (k 
≠ 0) vertex of the graph (Fig. 4a) we sum the obtained time-dependent particle numbers over 
different evolutionary paths passing through this vertex. Then the resultant 3-particle numbers 
are summed over k = 1,2,3,4 (i.e., over all the 0-k states with k ≠ 0) to obtain the overall time-
dependent number N2(t) of the 2-particles each of which consists of two bonded primary par-
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ticles. The time-dependent numbers of 3-particles in the 0-0 state, corresponding to different 
paths, are added together, multiplied by 3, and added to N2(t) to give the total time-dependent 
number of primary particles N1(t).  
The resultant dependencies of N1(t), N2(t), and N3(t) are presented in Fig. 4b for α1 = α2 
= α3 = α4 = 1. The average fragmentation delay for the intermediate mode of 2-particles is 
again determined by means of Eq. (29) and Table 1: ∆τ ≈ 4.9 s. Figs. 5a,b show the similar 
dependencies for the two other cases: (a) α1 = 1, α2 = 2.7 (4% increase in BEE), α3 = 5.7 (7% 
increase in BEE), α4 = 9.3 (9% increase in BEE), and (b) α1 = 1, α2 = 11.9 (10% increase in 
BEE), α3 = 41.2 (15% increase in BEE), α4 = 67.7 (17% increase in BEE). The fragmentation 
delays determined from Eq. (29) are ∆τ ≈ 47 s for Fig. 5a, and ∆τ ≈ 363 s for Fig. 5b.  
As expected, increasing fragmentation delays in the case of the initial 1-4 state results in 
significant accumulation of particles in the intermediate fragmentation mode – see the in-
creased maximums on the dashed curves in Figs. 5a and 5b. These delays also cause a pecu-
liar behavior of the dependencies N1(t) and the total particle numbers – see the significantly 
different slopes of the thin and thick solid curves in Figs. 5a,b. In particular, such behavior 
will be important for understanding of evolution of nanoparticle modes in atmospheric aero-
sols, including the existence of a maximum (or several maximums) of the total number con-
centration at an optimal distance(s) from a source [12,13].  
Another feature that differs the dependencies in Figs. 4b and 5a,b from those in Figs. 
2a,b is the behavior of these dependencies near t = 0. In Figs. 2a,b, there exist some time in-
tervals within which fragmentation does not occur (the slopes of all the curves in Fig. 2a,b is 
approximately zero at small time intervals). This is related to the fact that 3-particles in Fig. 
2a,b have to evolve to the stage where their fragmentation is possible (i.e., to the 1-k states – 
see Fig. 1b), and this takes some time that is equal to the time of evaporation of at least three 
bonding molecules. On the other hand, in Fig. 4a, fragmentation can occur immediately from 
 26
the initial 1-4 state. As a result, the slopes of all the curves in Figs. 4b and 5a,b is significantly 
non-zero.  
 
Figure 5. The time dependencies of the particle numbers during fragmentation/degradation of N0 = 100 
3-particles from the initial 1-4 state. The thin solid curves give the numbers N1(t) of free primary parti-
cles; the dashed curves give the numbers N2(t) of 2-particles each of which consists of two bonded 
primary particles; the dotted curves give the numbers N3(t) of the 3-particles each of which consists of 
three bonded primary particles. (a) α1 = 1, α2 = 2.69, α3 = 5.67, and α4 = 9.3 (same as for Fig. 2b). (b) 
There is a 10% increase in BEE if there are two bonding molecules (two bonds) between the primary 
particles, 15% increase for three bonding molecules (three bonds), and 17% increase for four bonding 
molecules (four bonds), i.e., α1 = 1, α2 = 11.9, α3 = 41.2, and α4 = 67.7.  
 
Thus, accumulation of particles in the intermediate fragmentation/degradation modes 
can only occur if the initial state of the evolving 3-particles is non-symmetric, i.e., of the n-m 
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type with n ≠ m. If n = m, then the effect of fragmentation delays on particle number in the 
intermediate mode is largely cancelled by increased dispersion of the evolution time to the 
state preceding fragmentation (which leads to decreasing inflow of particles in the intermedi-
ate mode). As a result, the maximal number of the intermediate 2-particles does not increase 
with increasing fragmentation delays, but rather shifts to larger evolution times (compare 
Figs. 2a and 2b). Therefore, the larger the asymmetry of the initial state, i.e., the larger the 
difference between n and m, the stronger the accumulation of particles in the intermediate 
fragmentation/degradation mode (Figs. 5a,b).  
It is also important to note that fragmentation delays strongly depend on the increase of 
BEE when the number of bonding molecules (bonds) is increased. If there is no such an in-
crease (i.e., α1 = α2 = α3 = α4 = 1), then the fragmentation delays are usually insignificant 
(Figs. 2a and 4b). However, even small increase of BEE with increasing number of bonding 
molecules (bonds) strongly increases the fragmentation delays (e.g., ~ 10% increase in BEE 
results in ~  2 orders of magnitude increase in the fragmentation delays), which leads to 
stronger accumulation of particles in the intermediate mode. This certainly highlights a very 
significant impact of small variations of BEE on stochastic degradation processes, including 
thermal fragmentation of nanoparticles and polymer degradation. 
 
5. Conclusions 
This paper has developed an approach for the simple analytical or semi-analytical analy-
sis of a complex problem of stochastic degradation/evaporation in polymer-like systems with 
multiple bonds. This approach was based on the random graph representation of stochastic 
evaporation/degradation processes. General rules for the determination of reaction rate coeffi-
cients and numbers of particles for each evolution step in an arbitrary random graph were pre-
sented. A general solution to the kinetic equations describing the degradation processes in a 
system with arbitrary number of bonds and/or particles was derived. However, application of 
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this solution to a particular degrading system requires determination of possible evolutionary 
paths together with the numbers of particles undertaking each of these paths. This determina-
tion is specific to every particular system, and in some cases may require numerical methods 
of analysis. On the other hand, this aspect may also be regarded as an opportunity, as it allows 
the determination of numbers (fractions) of particles undertaking particular evolutionary paths 
in the graph.  
Fragmentation/degradation delays for the intermediate mode(s) of particles or polymer 
fragments were predicted and analyzed. In particular, conditions for significant accumulation 
of particles in the intermediate mode(s) were determined and discussed. The predicted frag-
mentation/degradation processes were shown to depend strongly on the binding energy of 
evaporation per one bond that may depend on number of bonds between the primary particles. 
Another important factor is the temperature that affects reaction rate coefficients and frag-
mentation delays exponentially. Decreasing temperature from 300 K by 280 K in the consid-
ered example of evolution of aerosol nanoparticles results in increasing fragmentation delays 
and time of evaporation of a bonding molecule (bond) by a factor of ~ 6.  
An alternative approach based on the independent consideration of evaporation of bonds 
from separate links between the particles in a chain or ring aggregate is developed in [26] 
(though that approach does not allow the determination of numbers of particles undertaking 
different evolutionary paths). Fragmentation of more complex, for example, fractal struc-
tures/aggregates could probably be considered by means of a different random graph repre-
sentation that would be similar to that developed by Lushnikov for coagulation in a finite sys-
tem [27]. However, for this approach to be applicable for the analysis of fragmentation, it will 
have to undergo substantial alterations. In particular, these include accommodation for time-
dependent rate of removal of edges from the graph (such edge removal should represent 
fragmentation), multiple bonds between the primary particles, and significantly different 
probabilities of fragmentation upon random removal of one bond from the system (compared 
to the probabilities of coagulation upon random addition of one edge to the graph [27]).  
 29
The possibility of bond restoration during the evolutionary/degradation process has 
been neglected in the current paper. Nevertheless, the developed approach allows an exten-
sion to systems with a possibility of bond restoration, e.g., by means of condensation of vola-
tile molecules [12], or restoration of hydrogen bonds in polymer networks [8,9], etc. In this 
case, the processes in a random graph can occur not only to the right and upwards, but also in 
the opposite directions.  
The presented model is largely limited to chain-like aggregates and may be difficult to 
apply for the analysis of degradation in complex fractal structures (e.g., large soot aggregates 
in combustion aerosols). Therefore, applications of the developed model are more or less lim-
ited to smaller aggregates with a few primary particles, which can often be represented by a 
chain cluster. For example, this situation is likely to correspond to the recent experimental 
results obtained for the evolution of small (~ 7 – 30 nm) nanoparticles in combustion aerosols 
[12,13,23-25]. The other major areas of application of the obtained results and the developed 
theory will include polymer science, chemistry and physics of macromolecules, nano-
technology, formation and evolution of nano-clusters on surfaces and interfaces, etc.  
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